General Disclaimer

One or more of the Following Statements may affect this Document

e This document has been reproduced from the best copy furnished by the
organizational source. It is being released in the interest of making available as
much information as possible.

e This document may contain data, which exceeds the sheet parameters. It was
furnished in this condition by the organizational source and is the best copy
available.

e This document may contain tone-on-tone or color graphs, charts and/or pictures,
which have been reproduced in black and white.

e This document is paginated as submitted by the original source.

e Portions of this document are not fully legible due to the historical nature of some
of the material. However, it is the best reproduction available from the original
submission.

Produced by the NASA Center for Aerospace Information (CASI)



A367%

Ry,
)

UNIVERSITY OF
COMPUTER SCIEN

Nor

kS,

COLLEGE PARK, MARVEAND®%
L2
_ N69-38611 |
3 ESION NUMBER) T
7 /
5 A TPAGES) X WJoor)
. (L /06 /00 19
\NASA CR OR TMX OR AD NUMBKR) (CATEGORY) LSS |




Technical Report 69-89 April 1969
Ns6—398 and GJ-231
NL.air-go2-00¢

A SYSTEM FOR TESTING ITERATIVE METHODS
FOR SOLVING NONLINEAR EQUATIONS

by
Charles K. Mesztenyi and Werner C. Rheinboldt

VA k-2 - 802001
This research was supported in part by Grant Ns&-398 from the

National Aeronautics and Space Auministration and by Grant GJ-231 from
the National Science Foundation to the Computer Science Center of the

University of Maryland.




Abstract

This report describes a system of computer programs for testing
iterative methods for solving nonlinear systems of equations. The
programs are written in FORTRAN V for the Univac 1108. The system can
be updated by adding or deleting methods and sets of equations, and it
can be used with various sets of initial approximations for the iterations.
The results of the iterations are collected in a data file whicn can be

printed in table form for comparing different methods.
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1. Introduction
During the past decade growing attention has been directed toward the
development of iterative methods for the numerical solution of systems of

ncnlinear equations

f](xl,...,xn) e 0

fz(xi,....xn) = (
(1)

fn(x]....,xn) =0

For axample, besides the many variations of Newton's method, there are
several variations of the secant method, the so-called generalized linear
methods, and the large number of minimization methods in case the f1's are
the partial derivatives of a nonlinear functional. For a survey of these
methods we refer to the forthcoming book by J. M. Ortega and W. C. Rheinboidt*.

None of these methods is satisfactory for all types of systems, and, in
fact, for different systems the behavior of a certain method may change dras-
tically. 1In addition, the convergence behavior of any method depends, in most
cases very critically, on the choice of the initial approximation{s). Although
there is a growing 1iterature about convergence theorems for the different
methods, the conditions of many of these theorems for a specific system are
frequently not numerically checkable or they predict only very small ccnver-
gence doains. Moreover, only a few results are known about the stability

behavior of the various methods under round-off.

*Iterative Solution of n-Dimensional Nonlinear Equations, Blaisdell Publishing
Company, 1970.
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More than in many other areas of numerical analysis, it 1s therefore
of considerable importance te conduct computational experiments with
various methods, in each case, for many different choices of systems and
for a large number of initial approximations. A series of such experiments
with one given method may give some insight inte the behavior of that method
under different conditions. Usually, it is more important to have an exper-
imental comparison of different methods under varying conditions.

Such a test program will quickly run into considerable data-handling
difficulties unless from the very outcset a flexible integrated system of
programs has been devised which allows the incorporation of new methods,
systems and initial approximaiions at any time, and which permits the
accurulation of test results in a form suitable for future processing.

This report describes sucn a sysiem of programs for testing any number
of iterative methods for solving any number of systems of equations (1)
under arbitrary initial conditions. In the next chapter, we describe the
adopted numerical tests for the convergence behavior of an iterative
method. The third chapter describes the various files of the system, and
the fourth chapter, the test program. The last two chapters give details

of the presently available postprocessing programs.
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2. Numerical tests for convergence

Let

(2) xo,x,,...,xi'1,xi

pe the sequerice of iterates obtained from some process after 1 steps, and

ti.e corresponding function values. Here

o (1060 uf5009),000 01 (x)

xJ (x%,xj .,xﬂ)T, -

FIEE FJ
are n-dimensional vectors with the norms |'xj|| and "Fjli.

The convergence tests are to be incorporated in each different method

program and consist of tests performed after every step of the iteration
to determine whether the process should terminate, and of tests performed
on the last-obtained iterate after termination.

The tests for the termination of an iterative process after the i-th

step are as follows:

a) If the method breaks down during the i-th step, e.q., if a singular
system of equations arises, then the iteratiorn is terminated and the
termination symbol B 1is generated.

b) If i« “2.1020 or ||F1||Z'1020. the iteration is terminated. The
iteration is considered to be diverging, and the termination symbol
D is used.

c) If "xi-ri'] "5552, the iteration is terminated; it is considered to

be converging, and the termination symbol C 1is generated.

d) If
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fsiaxi=TH < E3ﬁxi",

then the iteration is terminated; it is considered to be converging,

and again the symbol C 1is generated.
e) If

U T s L et e, (124

then the iteration is terminated; it is considered to be diverging;
this is again denoted by .
f) If

e > e, 0> ...7"F1._1.0H

and (12 1

"xi-xi-]" 2-”x1']-xi'2",

then the iteration is terminated; it is coisidered to be diverging

and also indicated by D.

g) If 1 > MAX, the iteration is terminated; it is considered to be indecisive,

and the termination symbol I 1is generated.

The second group of tests are performed when the termination symbol was

either B (case a) or C (case c and d). If

£
hr s €




then B is changed to BC. If

hF > €
then € 1is changed to CB. BC indicates an instability of the method %
near the solution. CB indicates convergence to a point which is not a %
B
solution of (1) or very slow convergence. !
The parameters, MAX, E], 52, 53 and 10, are input parameters; 24
they can be changed for different iterations. %-
El. .
B
»




3. File organization

Tne Method-file is the collection of various itcrative methods for
solving any nonlinear sys.em of equations. Each method has a unique n
consisting of not more than six characters.

The Function-file (or F-file) is the collection of nonlinear syscems

of equations «f the form (1). These systems of equations are sequentially
numbered in the file, and one specific system of equations is specified
by the letter F and its seauence number.

The Initial-value-file (or S-file) is the collection of sets of initial

approximetions for the iterative processes. These sets are sequentially
rnumbered in the file, and k-S refers to the k-th set of initial approxi-
mations. Each set of initial approximations consists of cne or several points
in R". These are again numbered sequentially, and k-S-i refers to the
i-th point in the set k-S.

The PR-file is the program file. Al1 programs associated with the
Test System were written in FORTRAN V* for the Univac 1108. The symbolic
and relocatable forms of these programs are collected on this tape-file
including the programs associated with the previously-defined files. The
file may be updated by adding or deleting method subroutines, function rou-
tines, initial-value generating subroutines, cr with any auxiliary programs.
Using the collector of EXEC 8 for the Univac 1108, any subprogram can be
selected from the PR-file for execution. The following rules for naming

programs must be applied when the file is updated:

*Except a small assembly language routine which gives the elapsed time 4
msec.




Symbolic Relocatable
Method subroutine A.METHOD/'NAME' A.METHDX/'NAME'
Initial value generating A.S/n A.SX/n
subroutine
Function routine A.F/m A.FX/m
A.D/m A.DX/m

where 'NAME' is the unique name of the method, and n and m are the appro-
priate sequence numbers. Further description of these routines can be found in
4.5 - 4.7.
At the present, the PR-file contains three main progvams:
i. Method Testing Program
ii. List of Tape OQutput File
iii. Table Generating Program
The Method Testing Program, consisting of several subprograms, tests one
method by solving one system of nonlinear equations with one set of initial
approximations. The List of Tape Output File lists the contents of File 2
(see below). The Table Generating Program collects data from File 2 and prints
it out in table form.
The Qutprt-File is the collection of the outputs of the Method Testing
Program. It consists of printed, punched and tape outputs. The generated

and updated tape output is called File-2.



4. Method Testing Program

4.1 Deck setup

For the execution of the Method Testing Proaram the following card

deck is necessary:

'RUN =
: 'ASG,T  PR.8C,t1
Initia] ‘ASG.T  2.8C.t2

Control
'ASG,T AF
Cards 'COPIN,SR PR.
. 'FREE PR.
¢ 'MAP,I A.PROC,A.PROCX
SEG PRO
IN A.MAINX,A.PCHX ,A.PRNTX,A GAUSX,A.SCALX,A.TIMEX
Cards to IN A.LTWOX
define IN A.METHDX/ 'name'
one run IN A.FX/n,A.DX/n
IN A.SX/m
'XQT A.PROCX
. (one datz card)
Terminating .ESEE i'
cards 'FIN :

Initial Control Cards: These cards define the files: t1 and t2 shculd be
replaced by the tape reel numbers of the files PR and 2.

The "Cards to define one run" may be repeated before the "Terminating Cards”
to execute more than one run with different combiiations of methods,
functions, etc. The 'IN' cards define the selection of the necessary
programs. The first 'IN' card defines the main program and subroutines
needed for any run. The seccnd 'IN' card defines the subrcutine which
calculates the norm of a vector. The third 'IN' card selects the method
used for this run; ‘name’' should be replaced by the alpha-numeric name
of the method. The fourth and fifth 'IN' cards select the system of
equations and the initial value sets; 'n' and ‘m*' shonld be replaced by
the corresponding file indices.
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The "Data Card" has the following format:

col. 1 =25 MAX
10 NPR

maximum number of iterations allowed

print index

PR =1 step-by-step print during iteration
=0 only final results to be printed

14 - 15 NPU = Punch and Tape index

= nu

NPU = 0 or 2 no punch
= 1 or 3 punch final results
=0 cr 1 no tape output
=2 or 3 final results written on File 2
negative sign indicates a new tape;
positive sign indicates that the tepe
must be positioned.
16 - 25 €,
26 - 35 52 input parameters described
in Chapter 2
36 - 45 £3
46 - 55 10 s
(Format: 3I5, 4E10.5)
Example:
50 0 -2 .1E-6 .1E-6 .1E-5 k]

4.2 Available subroutines

The following subroutines are incorporated in the main program
package; they may be used in any new method subrcutine with the following
calling sequences:

VMPV (N,A,IA,B,IB) is a function routine for computing the scalar product of

the N-dimensional vectors A and B. IA and IB are the index incre-
ments for calculating the locations of the components of A and B.

N

VMPV (N,A,IA,B,IB) = A(1+(i-1)*IA)*E(1+(i-1)*IB)
12

The routine calculates the products and the summation in double precision

arithmetic and truncates the result to single precision.
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GINV(*,A,B,N) is a matrix inversion subroutine. The Nx N matrix

A is inverted by Gauss elimination with pivoting and the inverse is placed
in B. Both matrices A and B should be dimensioned 25x 25. The input
matrix A remains unchanged unless © refers to the same storage, which

is permitted. The internal calculation is done in double precision arith-
metic; * s the error return when the matrix A has been found numerically
singular.

GSLV (*,E,F.N) is a subroutine for solving the linear system of equations

f E(1,J)*X () = F(I)

=
The solution X replaces F and the matrix E remains unchanged; E must
be dimensioned 25x25. The routine solves the equations by Gauss elimina-
tion with pivoting in double precision arithmetic and gives truncated

final results. The return to * occurs if the matrix E s numerically

sinqular.

4.3 OQutputs

4.3.1 - Printed output

The first paga of the output is a heading page. It consists of the data
supplied by the data card, and, of the initial value and function file identi-
fications. An example of this heading is given on page A-1.

Following the heading page, each iteration processed with an "Initial-

Value" is printed as follows:



(a)
(b)

(c)

==

The "Initial Value" with its index numbers in the given set S/m
Step-by-step results of the iteration consisting of the step-
number, the maximum norm of the remzinder, and the independent
variable. If the print index NPR is zerc on the data card, this
printing is suppressed.

Results of the iteration and the file identifications. The
results of the iteration consist of the termination symbol, the
solution index, the number of function evaluations, and the time
in msec spent in the method program. As described in Chapter 2,
the termination recurn can be one of the following:

C = Convergence return from the method subroutine with X as
a last iterate and either

Ix - z1.||5l|z1.|| . 83
or

e I<E,

where Z. 1is one of the solutions supplied by the function
routine ' and the norm is defined by the sclected norm
routine. In the first case the solution index is set to

iy if the first condition is not satisfied while the second
one is, then the solution index is set to zero.

CB = Convergence return from the method subroutine with X
as a last iterate but with neither one of the above conditions
satisfied.

o
1}

Divergence return from the method subroutine.

—
|}

After the allowed maximum number of iterations neither
convergence nor divergence was established by the method
subroutine

B = The method broke down and the last obtained point X did
not satisfy either one of the conditions under ‘C'.
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BC = The method broke down but the last obtained point X
satisfied one or both of the conditions under 'C'.

The solution index is set to 1 # 0 whenever the last obtained
point is close to the i-th solution supplied by the function
routine, that is, when the first condition of 'C' is satisfied.
Otherwise, it is always set to zero.

An example for the front page is shown on page A-1; examples for the itera-

tions are shown on pages A-2 and A-3.

4.3.2 Punched output

When punch is requested by the data card, one summary carc is punched

for each iteration with the following format:

1 eols 2 Identifier number = 4

25 " 4 - 9 = Name of the method

S “ 10 - 14 = File index of the Function routine
¥ 15 = Letter F

4, " 16 - 20 = File index of the Initial Value Generating routine; m
e el = Letter S

s " 22 - 24 = Initial value index in the set S/m

6. " 27 - 28 = Type of return

s " 29 - 31 = Solution index

8. " 32 - 37 = Number of executed iteration steps

9. " 38 - 43 = Number of function evaluations

10. " 44 - 49 = Time spent in msec

11. “ 5] - 56 = Norm used

12. " 57 - 60 = Maximum number of iteration steps allowed




2 15 =

13, " 61-66= € ,
14, " 67 -172-= Ez
in E6.1 formats
1. " 73-78= &,
16. " 79-80-=i,

Page A-4 shows an example using a 1ist of output cards.

4.3.3 Tape output (File 2)

When tape output is requested by the data card, one logical binary
record of 26 words is written on tape (File 2) for each iteration. The
firct 16 words are the 16 data listed in the Punched output; the last 10
words are reserved for possible other classifications or remarks. A
dummy-record, with 26 words of zeros, is user, to mark the end of the

file,

4.4 Norm-Function Routines

The Method Testing System provides two norm routines:
I

n )
( 2{ xiz)

v

L-Two: D xli

L-MAX:  Bxll = Max (Ixsl 5 1=1,....N)

but it is possible to insert other norm-function routines. A
properly programmed Norm routine is illustrated on page A-5. The first
entry FNORM (X,N), (line 2), is used to return the value of the noym of the

N-dimensional vector X. The se~ond entry FNORMH{ (FF), (line 16), is used

to return the alphabetiz name of the norm; FF is a dummy argument.
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4.5 Method Routines

The Testing Program requires the Method routines to be programmed
in a standard form. This form is illustrated by the Newton Method on
page A-6:

Lines 1 - 14, initializaticen part, and lines 28 - 49, testing part,
are standard, :

The first 1ine is a Fortran control statement. Note that tre name
of the method appears as a version.

The arguments of the routine are as follows (line 2):

=1 Return position if divergence is detected

L' Return position if no divergence or convergence after
MAX number of iteration steps

"3 Return position if the method breaks down. In the

example, this return occurs when the Newton method
tries to solve a numerically singular linear system
(lines 22 and 52)

N Dimension

X% i=1,..,N. Initial value vector, which is repiaced by
the icerated values

MAX Maximum number of iterative steps allowed

ACC(1) €,. "zero" for the norm of the dependent variable, F(X)

AcC(2) Eo- "zero" for the norm of the independent variable, X

ACCf3; €3. relative accuracy required for X

ACC(4 i, in floating point format, number of consecutive terms
rgquired to detect convergence or divergence

IT Number of iterations performed

AN Name of the method

In 1lines 8 - 11, the counters are set to zero; IT = iterative step,
ICC = convergence counter, IDC1 = divergence couiizer for X, IDC2 = divergence
counter for F(X).

In lines 12 - 14, as an integer is established, the output routine

1o
is called with the initial value and the name of the method is placea into

the argument.



Lines 15 - 27 are dependent upon the particular method, except for
line 20, where the iteration loop starts.
The testing part (lines 28 - 49) assumes the newly-ohtained independent

variable XIT in X and the last correction (XIT - X - X

17-17 OF Wrgq = Xqp)
in DX. First the Output routire is called, then the norms are calculated.
If the norm of the last correction is less than £:2’ a normal (C) return
occurs. To avoid machine overflow, a divergence return occurs if the norm
of X or F(X) is greater than or equal to 1020 (1ine 33). Lines 235 - 40
update the counters except at the first iteration step. Lines 42 - 46 test
for convergence or divergence; they are skipped in the first 10 steps.
Lines 47 and 485 save the norms for the next iteration step, and line 43 tests
the total number of iterations.

The special comment lines (16, 27, 50) indicace where statements

particular to the method may be inserted.

4.6 Function Routines

A properly programmed function routine is illustrated on page A-7.

The Fortran control lines, 1 and 19, contain the File index number of
the function as version (1 in this example).

The first entry FXK(K,X), line 2, is used to calculate the remainder
of the k-th equaticn at the given point X, and the counter NF for the
number of function evaluations is incremented.

The second entry, NFEK(K), 1ine 13, gives the number cf function
evaluations and resets the rounter; K 1is a dummy argument. NF and FN

are made equivalent to avoid floating point-integer conversion.




o

The third entry, FX(F,X), line 20, gives the remainders of all equations
at the given point X.
The fourth entry, DERIVE(X,DF), 1ine 26, gives the Jacobian | DF,

¢ for the number of

at ine given point X and increments NDV by N
function evaluations. N 1is the dimension.

The fifth entry, NFLV(NE), Tine 36, sets NE to the final number of
function evaluations and resets the counters, NF and NDV.

The sixth entry, FHEAD(AL,INDF.N,NX,XX), line 42, gives the necessary
information about the system of equations. INDF is set to the file index
number, N is set to the dimension, the 26 words of AL aie set to a

heading, NX 1is set to the number of solutions given in XX, and finally,

XX(I,d); I =1,N; J = 1,NX is set to the solutions.

4.7 Initial-Value Generating Routine

A properly programmed Initial-Value Gererating Routine is illustrated
on page A-8. The Fortran control statement (1line 1) uses the file index
number (1 in this example) as a version. The first entry INVAL(*,X), line 2,
is used to return a new initial value in X upon subsequent calling. A
returr. to * occurs when all initial values generated by the routine were
given before. The second entry INVIND(INDS), line 26, is used to return
the file index number in INDS.

The presented example is a type of Initial-Value Generating Routine
which we adopted for 2-dimensional cases. The generated initial values

are on concentric circlec. The origin of the circles is returned by using
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the third entry (PARM(M,Z), line 29. The initial value points on one circle
are equally distributed, but the circles can be rotated so that the correspond-
ing poin*ts on the different circles will lie on a spiral. The parameters

are listed in a Data Statement (1ine 11). By changing this statement, it

is easy to obtain another routine for the 2-dimensional case; naturally,

the new routine should have a different file index.
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5. List of Tape-Output File Program

This ~rogram lists the contents of the Tape-Output File (File 2).
For the outputs of each run by the Method Testing Program, the List
program prints one line of output. An example is shown on page A-9.
The notation for the Initial-Value File is as follows: the first integer
is the index number of the Initial.Value Generating Program. It is
followed by the letter S. The next twc integers indicate the numbering
of the initial values in the set generated by the routine, i.e., 151-40 ,
indicates the first Initial-Value Generating program which generated forty
different initial values numbered from 1 to 40.

Deck Set-up:

‘RUN

'ASG,T PR.3C,t1
‘ASG.T 2,8C,t2

‘ASG,T A,F
‘COPIN PR,A
'FREE PR

'XQr A,LISTX

'FiN
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6. Table Generating Program

The Table Gencrating Program selects data from the Tape Qutput file
and arranges them in a table form. This printed table provides a quick,
visual comparison of different methods. A sample output is shown on page
A-10.

There are three tynes of selections to be defined by two data cards:

1. The basic selection defines, for all iterations to be included in

the table, the indices of the function file and of the initial-value file,
the maximum allowable number of iterations, the norm, and the number 10
of consecutive terms used in the convergence and divergence criteria.

2. The method selection defines the methods by name. A maximum of

nine methods can be used for one table, and they define the columns of the
table. The rows of the table are defined by the different initial values
in the set of initial values defined by the basic selection.

3. The result selection defines the data to be printed in the table.

These alwayvs consist of the type of return and nothing else or one of the
foliowing: the number of iterations, the number of function evaluations,
the time spent in msec, and the solution index.

The format of the two data cards is as follows:

rirst card: col. 1 - 5 Function file index
> 6 - 10 Initial Value file index .
" 11 - 15 Maximum number of iterations
" 20 - 25 Name of the norm
" R -3 1

o
" 36 -40 ND
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Second card: col. 1 - 5 Number of methods to be listed
v 8 - 13 Name of the first method
L —1o~21 e s al - e
" 24 = 29 n n n third n
up to
" 72 P 77 n " " n,inth i

vhere ND 1is defined as the result selection:

if N) =1 only the type of return is tc be printed
2 type of return and the number of iteration
3 S = " the solution index
4 Nkt 4 " the number of function evaluations
5 e - " the time spent in msec

Deck Set-up:

'RUN o
'ASG,T PR,8C,t1
'ASG,T 2,8C,t2
'ASG,T A,F
'COPIN PR,A
'FREE PR

'XQT A.TBX

(set of 2 data cards)
'FIN




MAx. NUMBER CF ITERATIONS = 50

PRINT INDRY = 1

PunCH INDEX = 3

ACCURACY REGUIREMENTS = o1=0f ¢1=06 .1=05 +5+01
NORM = L=TWO

INITIAL VALUE FILE — 15

CIMENSION = 2

FUNCTION FILE = 1F

(1F) FI1) = x(1)%%2 + X(2)%x*2 = 1,0
F(2) = x(1)%%3 = x(2) = 1,0

3 KNOWN SOLUTIQNS =

i «10000000+01 .00000000

2 «00000000 -.10000000+01
3 «54368901-00 -.8392875-00

A-1



1=TH INITIA_L VALUES

.11000000+01 . (0000000
0 «39=-00 «11000000+01 +G0000p00D
1 «31~01 +10045455+01 -.15500005-n1
2 «28=-03 «10001352+01 «34720078=03
3 «17=06 «10000001+401 «15390106=0n6
4 «S4=-07 «10000000+01 +488949068=-08
5 «5k=07 «1000000G+01 «48894962-n8
RETURN wITH C SOLUTION = 1
NUMBER GF FUNCTION EVALUATION = 32 T.ME = 32 MS,
METHOC NEWTON» FUNCTIQN 1 INeVAL. 1 NORM L=Two

A-2



15=TH INITIAL VALUES

12676553401 -.52654954=00
n 19401 + 12876553401 ~+02654954=00
1 «35=-00 +98180611-00 - .38634059=-n0
2 «15+401 «45050039-00 -.15900403-n1
3 «39-C0 +29373206=01 -+116497474+n1
4 «32¢=00 +53041797=-00 -+9%867779-0n0
5 «16-01 +50366097=00 -e87335421=n0
6 45=02 «54858996-00 -.83804213-n0
7 45=-04 «54378632=00 -.83623832-00
8 «33-07 +5H4368909-00 -.83928672-n0
3 .00 +54368901-C0 -.83928677=-n0
RETURN wITH C SOLUTION = 3
NUM3ER OF FUNCTION EVALUATION = 56 TIME = 53 MS.
METHOD NEWTON» FUNCTIQON 1 INeVAL,. 1 NORM L=Twou

A<3
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1FORy ST AsLTWO A LTWOY 1
FUNCTION FMORM(XgN) o
NIMFEFNSINON X(1) 2
fan 4
NN § f=1¢M [
IF (ABS(X(T))eRTeS) S=ARS(X(1)) A

& CONTINUF 7
T=04 o
I'E (SeFEDeNe) GD TH=18 0
BLY 1N -T=)¢M 1N
10 T=T+(X(T1)/S)%*%D 1
T=S*SART(T) 12
15 FNORM=T 1
RFTURN 14

C %
FNTRY FNORMH(FF) 14
DATA FAM/SLL=TW/ .
FENNRM_TNM 18
RETURN 10
CAD A
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le%C;E |S¥l’c?c>éim

REPRODUCIBILIFY..OF THE ‘ORIGINAL

"FOe ST AeMETHOND/NFWTON g A *FTHDX /NFWTON ]
SUBROUTINF MFETHDD (% o% 9 ¥ 3No X ¢ MAXsACCsITsAMN) ;

C NEWTON “FTHND 2
DIMENSION X(25)sACCI2)eDX(25)eDF(2575)9F(25) A

NATA ANF/AHNEVITNR e

e

= -
1T=0 Q

1. C=0) 5
INC1=n 1N
1nC2=0 11
TN=ACC(4) 19

CALL CUTPUTLITeXeN) 172
AN=ANF 14

(i I -
Ct*i 16
CALL FX(F-¥) 17
CN=FMNOR 1) 1R

'3 10
17 IT=1T+] o
CALL DFRIVF(XyNF) 23

CALL GSLV(F4504NF4FaN) 22

N 20 T=1N 2%
DX(T)I=F(1) 24

20 X(I)=X(1)=-DX(1) 25
CALL FX(FeX) 26
C*¥# 8
CALL OQUTPUT(TITeXeN) 28
XN=FNDRMI X sN) o
NXXMN=CNNDRM(NYX 4M) 2N

TE (PXXN.LFLACC(2)) RFTILIRN 21
C*l‘l:f‘?\]’\f)“(r_’,'\) x50

IF ((XNeGFeleF20)¢ORa(ENNeiFeleF20)) RETURN 1] 33

IF (ITeLEe1) GO TO 400 24

IF (DXXNeGEeDXN) 1JC=0 35

TF (ICCelTelN) ICC=TCC+1 E:

I[IF (DXXNeLTeDXN) INC1=0 37

IF (IDCleLTSI0) INCI=IDC1+1 23

IF (FNNJLE.FN) IDC2=0 39

TF (IDC2eLTel0) IDC2=1DC2+1 40

IF (ITeLFeIO) GN TO 400 41
BFTA=XMN¥ACC(3) 47?2

TF (RETAGLT.ACCI(3)) BFTA=ACC(3) 43

IF ((DXXNeLE«BFTA)Y.ANDe(ICC.FQeI0}) RETURN 44

IF (TNC1,GF.10) RETURN 1 he

TF ((IDC2eGFeIN)eAMND (1CCeLFei)) RFTURN 1 ‘ L6
Lnn DXN=DXXN 41
FN=FNN 49

I (IToeGFeMAX) RETURN 2 49

C*¥® 50
GO TG 10 51

450 RFTURN 13 52
FND g1
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"rAn .t

\eF /) sAgF¥X71

FIINCTTINAN EXK (K 4X)
NIMFMSTON X(1)
EMMTTVALENCE (NCoIMM)

PDATA NF/0O/

NF =N 3

GO TN {(1e2) ¥

FXK =X(1)%%24X(2)#%#2=1,0
RDETLIRN

72 FXK =X(1)%¥%3=X(2)=1,0
PETIIPN
c
FNTRY NFFK(K)
EXK=CN
MF=0
KFTURN
.
FAN
IFN4ST A YA 3R g D X4
SUBROUTINF FYX(FeX)
NTMENSTIAM F(1)eX(1)
P 10 J=142
1) =F X XY
RETIIRPM
(&
FNTRY DFRTIVE(XeNF)
NDIMFANSTON NF(25425)
NATA NPy /Ny
HNV=NDV4+4
DEL) sl ) =2 %X (1)
NE(142)=24%X(2)
NE(291)=3%X (1 )%RD
NF(2e2)==140
DETIIDN
-
ENTRY NFFV(NF)
ME=NFFK (D)
NMF=NE4NNY
Npy=n
RPFTURN
-
ENTRY FHEAD (AL s INDFoNgNX9XX)
NIMEMNSTON Al (2A)eXX(26925)sA(26)
NDATA (A(T)e1=1426,/78H
1
2 Xj{2) = T
TARE =T
N=2
NX=3
XX(191)=14,0
XX(2s1)=Nng0
XX(152)=040
XX(;,'?):""Q-A'
XX(193)=045426890113
XX(293)==4883928K7K%
NO 50 [=1+26
5~ AL(T)I=A(T)
RETIIPN
c
NN

=1

s 7RH

FL2)
/

X(1)%¥%2 4+ X(2)%%#2 = 1,0

Y (1) %%

24
25
2A
27
20
29
an
21
12
- I §
24
25
26
27
2R
20
4n
4l
472
L7
44
hHe
hF
47
40
40
en
51
57
53
54
&5
84
&7
en
£n
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LR clal= e | Ao S/ VoA gSX /1

SHIRROIITINF INVAL (44 X%X)

NITMEMETNAN y‘!,

NATA 1D ,TM/Ne0/

NATA '“-)//‘.ﬂﬂ‘:ﬂo"’)/

yTARTING VALUES ON CONCENTRIC CIRCLFS
XNsYN = ORIGIN

ROsNR = STARTINA RADTIS ANND RANDTHS FACTOR

~
n

= NUMBER OF CIRCLES

W

MNsMD = STARTING NUMBER OF POIMTS ON (RO) A*
DATA XOsYOsROsDRoNR osMNoVMDsALIDA/1eD9009cl 96565484

8

IF (TReFNMRPY RFTURPN 1
AE=AL+P2XFLOAT(IMY /FLOAT (MN)
X(1)=XN4RAXCNS ( AF
X{(2)=YN4ERNXSIN(AF)
TM=1M4]

TF (TMgLTeMN) RFTIIRN
TR=IR+1

RN=RO+NDR

T™M=0

MA =MN L MA

AL=AL+NA

IF (ALeATeP2) AL=AL-P?2
RETIIPN

FNTRY INVIND(INDS)
INDS=1

PETIRN

FNTRY PARM(M,2)
DIMENSION 7Z(1)

M=2

2= X0

2(2)=Y0

RETURN

FAD
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2
21
9
214
7?4
9 2
26
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a7 Q
29
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273
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NoOUEFEN-

LIST OF CONTENTS

METHOD F=FILE INJVAL.FILE NCORM MAX EPS1 EPS2 EPS3 IO
NEWTCN 1F 1S1- 40 L=Twl 50 .1-06 .1-06 ,1=05 >
MCDNWT 1F 1S1- 40 L=TWO 50 .i1=-06 .l=fo .1=-05 5
SECANT 1F 1S1- 40 L=TWO 50 .,1-06 ,.,1-06 .1-05 9
SECNTI 1F 1S1- 40 L=TWO 50 .i-06 .1=06 .1-05 5
SECNTP 1F 1S1~ &40 L=TWO 50 .1-06 .1=-06 .1-05 5
A315 1F 1S1~ &0 L=TWO 50 .,1-06 .1-06 .1-05 5
A3le 1F 1S1= AU L=TWO 50 .1-06 .1=-06 .1-05 D
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TABLE
NUMBFR OF ITERATIONS - TYPFE NOF RETIIRN

FUNCTIGON FILE = 1

1

INITIAL VALUE FILF

MAX,NUMBER OF ITER,.= 50

NORM = L=TWO

I0 = 5
NEWTON MOONWT SECANT SECNTI SECNTP A315
1 5=C 6=C 6=C 6=C 6=C S5=C
2 4=C T=C 6=C 6=~C 6=C 4=C
> 4=C 9-c 7=C 7=C 7=C 4=
4 4=C T=C 6=C 6=C 6=C 4=C
5 5=C 7=C 5=C 5=C 5=C S5=C
6 4=C 8-C 5=C S=C 5=C e
F 4 5=C 15=C 4=C 4=C 5=C S=C
8 y=C 10-C 6=C 6=C 6=C =
9 f=C 24-CR 14=C 14=C 14=C H=C
19 6=C 24-C 8=C 8=C 8-C &§-C
11 6=C 50-1 g=C 3=C 8=C =
12 8=~C 6=D 9=C Q=C 12=C 5=C
13 8=C 16=D 15=C 15=C 10~-C =
14 6~C 8.D 1i=C 11-C 9-~C f=C
15 9-C 50=-1 14=C 14=C 12-C R=(
16 19=C 4D g9=D 9=D 35=C R-C
17 6=C 35-CH 12=C 12=C 11-C 6=C
18 6=C 45-CB Q=C 9=C 9-~C 6=C
19 13=C 3-D 21-D 21=D 50=-1 H=C
20 24=C 3-D &~Cn 8=-CB 23=-BC 1 7=C
21 7=C 5«D f=C 8=C 7=-C b=C
22 7=-C 50=1 29=C 27~C 12-C T=C
23 6=C 6=D 12=C 12-C 12=C H=C
24 9=( 6=D 14=C 14=C 13=C 9-C
25 7-C 50=-1 10=C 10=C 12-C T7=C
26 38=C 2=D 44=n 44=D 50=1 =D
27 18=C 5-D 17=C 17=C 27=-BC 17=C
28 13=C 50-1 18=C 13=2 18~-C8 13=C
29 6=C 501 8=C 8=C 9-C 6=C
30 6=C 10=D 11=C 11=C 11=C 61
31 17-C 3D 7-C8 7=CB 36=C A=l
32 9= 11-D 14=C 14=C 14=C S=C
33 18=C 30 14=D 14=D 24=C A=l
34 11-C 6=D 46=C8 47=CB 12=C 6=D
35 16=C 50-1 S50=1 24=BC 29-RC 16=C
36 20=C 3-D 27=C 24=C 28=C 17=C
37 8=C 501 20=C 18=2 27=C A=C
38 8-C 6D 30=RC 27=8C 23=C Be=C
39 7=C 6=D 17=C 17=C 17=C 7=C
40 7=C 45-CH 12=~C 12=C 12=C 7=C
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